An expanding fireball model with two freeze-outs, which assumes that the chemical freeze-out occurs earlier at higher temperature and the thermal freeze-out occurs later at lower temperature, is developed and successfully applied to fit simultaneously the hadron ratios, transverse momentum spectra of measured hadrons and rapidity distribution of charged hadrons measured in Au+Au collision at 200 A·GeV by STAR, PHENIX and PHOBOS collaborations. The quality of all the fittings is very good and the resulting parameters are in agreement with published values.
I. INTRODUCTION
The hadron production in relativistic heavy-ion collisions have been extensively studied: The multiplicities of various hadrons or the ratios among them are nicely fitted using the statistical distributions with a few parameters such as the temperature, T ch , the baryon chemical potential, µ B,ch , the strangeness chemical potential, µ s,ch and the strangeness fugacity, γ s [1] [2] [3] [4] [5] [6] . The temperature thus obtained at RHIC energies is so high and close to the phase transition temperature to quark-gluon plasma and suggests that the hadrons are chemically frozen out just after the hadronization. The value of γ s close to one suggests that the strangeness is nearly equilibrated. The slopes of the transverse momentum spectra below 2GeV/c of various hadrons are also nicely fitted from an expanding fireball model with a single set of parameters such as the temperature T th , the baryon chemical potential µ B,th , the strangeness chemical potential µ s,th , and the transverse expansion velocity β [7] . The success of the thermal analysis with the Lorentz boosted thermal distribution is regarded as the evidence of the radial expansion.
However, the temperatures of the two analysis are different, i.e. T ch = T th and thus one cannot fit both the magnitudes and slopes of the transverse momentum spectra of various hadrons. In other words, when one fits the transverse momentum spectra normalization constant has to to be adjusted separately for each hadron species. The difference in the two freeze-out temperatures are interpreted as the chemical freeze-out occurs earlier at high temperature where the inelastic collisions of the type A+B ⇋ C+D becomes less frequent and the numbers of each hadron species are no more changing and thus kept fixed, while during the continuing expansion of the system, elastic collisions among the same species maintains the thermal equilibrium and lowers the temperature until the thermal freeze-out. * Correspond to kslee@chonnam.ac.kr
In the hydrodynamic calculations, the difference of the two freeze-outs has to be taken into consideration when one wants to compare the results of calculation with the experimental data. Such models reported so far are the hybrid models [9] [10] [11] and the partial chemical equilibrium model(PCE) [11] [12] [13] [14] [15] . In the hybrid models or the hydro+transoport models, the expansion is described by the hydrodynamics, starting from an initial state of QGP and at T c the equation of state is changed to the hadronic EOS. At a certain switching temperature in the hadronic phase, T sw , hadrons are generated by the Monte Carlo method and the subsequent interaction among hadrons is described using microscopic hadronic transport models such as UrQMD [9, 10] or JAM [11] . In the PCE model, after the chemical freeze-out the numbers of hadrons whose lifetime is longer than the characteristic time(∼ 10 fm/c) are kept fixed, while the reactions involving hadrons with shorter lifetime(e.g. ∆ ⇆ p + π) are still in chemical equilibrium. In this case one has to solve large number of coupled equations to get the values of chemical potentials.
In the blast-wave model the radial expansion is one of the essential ingredients in fitting the transverse momentum spectra with the Lorentz boosted thermal distribution which does not change the total number. Thus in principle, if one uses the Lorentz transformed distribution functions in the chemical analysis, the result is expected to be the same as that without the expansion. Then it seems natural to make an expanding fireball model in which the chemical freeze-out occurs earlier at higher temperature and then thermal freeze-out occurs at lower temperature, while in between the two temperatures the number of each hadron species is fixed. Even though the concept of the two freeze-outs are already adopted in the hydrodynamic calculations as discussed above, there is no blast-wave type calculations reported until now which fits both the ratios and the particle spectra of various hadrons in a single model. Then the range of parameters which fit the data with similar quality in the chemical and thermal analysis may be pinned down to a single set of parameters.
In this work we report on a simultaneous blast wavetype analysis of both the hadron ratios and transverse momentum spectra measured at RHIC assuming that the chemical freeze-out occurs earlier at higher temperature and the number of each hadron species is kept fixed until the thermal freeze-out when the particles escape from the system to reach the detectors. At the temperature higher than the chemical freeze-out temperature T ch , the chemical potentials for hadrons are the algebraic sums of the baryon and strangeness chemical potentials. The ratios among various hadrons are fitted using the blastwave equation for the transverse momentum spectra [16] by integrating over p t . The contribution from the decay of high lying resonances are also taken into account by integrating over p t the resonance contribution to the transverse momentum spectra [18] .
Below T ch , the chemical potential of each hadron species is no more the linear sum of the baryon and the strangeness chemical potentials but it should be numerically found to guarantee the fixed thermal number of hadrons. Using the chemical potential for each hadron species thus obtained one can fit the momentum spectra as done by Dobler et al [16] which is the most sophisticated version of blast-wave model.
In this way we have successfully fitted both the ratios among hadrons, transverse momentum spectra of pions, kaons and protons, and the rapidity spectra of the charged hadrons.
One difference of this calculation with the PCE model is in the treatment of the short lived resonances. In this work they are treated as stable particles until the thermal freeze-out and their decay has been considered after the freeze-out. This approximation causes a small errors but reduces the computation significantly since the coupled equations for the chemical potentials now reduces to independent equations.
II. BLAST-WAVE MODEL WITH TWO FREEZE-OUTS
Starting point of particles emitted in the heavy-ion collisions is the Cooper-Frye formula [19] for the particle invariant spectrum,
where
Dobler et al. [16] have assumed the boost invariance in the longitudinal direction [20] and the ellipsoidal geometry with azimuthal symmetry. Thus the expansion velocity at (t, z) is v L = z/t and the corresponding rapidity is η = tanh −1 z/t whose value at the surface is η max . The transverse rapidity at the radial distance r from the center is ρ(r) = ρ 0 (r/r max ) α , where α = 1 is chosen as it gives better fit to the particle spectra. The transverse radius may depend on the longitudinal position,
but in this work it is kept constant. Then one gets for the hadron spectrum
where γ s is the strangeness fugacity.
It should be emphasized that the chemical potential, µ i is different above and below the chemical freeze-out temperature, T ch . Until the chemical freeze-out (for T ≥ T ch ), µ i is the algebraic sum of the baryon and the strangeness chemical potentials:
Below T ch , however, Eq. (4) does not hold and µ i should be obtained from the number of thermal hadrons of type i, which is fixed at the chemical freeze-out as will be discussed later.
For the number of thermal hadrons, N th i , one integrates Eq. (3) over m T dm T dy.
The total number of hadrons measured is the sum of the thermal ones and the decayed ones from other hadrons or resonances. The resonance contribution to the hadron momentum spectra is nicely treated by Sollfrank [18] , and to get the number of hadrons from the resonance decay one should integrate the spectrum over the transverse mass and the rapidity. Hence one get for the total number of particle species i as
Using the above equation, one can fit the ratios among hadrons to get the temperature T ch , the chemical potentials µ B and µ s . The parameters, η max , ρ 0 , R 0 and the overall factor V ef f do net affect the ratios as expected and their values at the chemical freeze-out cannot be determined. However, ρ 0 and η max play crucial roles in determining the slope of the transverse mass spectra and width of the rapidity distribution of the total charged hadrons, correspondingly. It should be noted that the ranges of the rapidity integration in Eq. (5), which may differ from particle species to another, should match the experimental cut-off. Due to the lack of detailed information we have integrated from -3 to +3 for all the particles and this may be one source of errors in this calculation. Another source of error is the lower limit of integration over the transverse momentum. We have chosen it to be zero but it is not. In the future studies it should match the experimental value.
Depending on the data processing procedure whether the weak decay contribution from resonances is included or not, weak decay contribution should be correspondingly added or not in calculating the resonance contribution. For example, the PHENIX data for protons and anti-protons were already subtracted by the weak decay contribution from the lambda and anti-lambda particles whereas for pions, they are included. Thus we have fitted PHENIX data separately from the STAR data. In fitting the PHENIX ratios, we subtracted the pions from the decay of lamda's as subtracting out the contribution to protons and including it to pions is very cumbersome and the contribution to pions is negligible.
The fitted parameters are listed in the TABLE 1. The first low is the fitted parameters from STAR data and the second one is for PHENIX data. The difference in the temperatures is less than 1 MeV while chemical potentials differ slightly. The difference may come from the experimental cuts for rapidity and transverse momentum, especially the lower limit of p t , for each particle species. The chemical freeze-out temperature of 173Mev and chemical potentials are in agreement with the values from other statistical models(160-170 MeV). The columns which is empty in this table are irrelevant parameters as mentioned earlier. In the STAR analysis we have omitted Ξ/π ratio since it cannot be fitted well in this calculation. The value for χ 2 /n in TABLE 1 is obtained without Ξ/π ratio while when we include it the value for χ 2 /n increases to 2.85. The φ/K − ratio by PHENIX collaboration cannot fitted in this calculation but the value is even twice smaller compared to STAR measurement. χ 2 /n value in TABLE 1 for PHENIX data is obtained without this ratio. In Fig. 1 and Fig. 2 , the results of our chemical analysis are shown and compared with the STAR data and PHENIX data, respectively. Fig. 1 shows that the fitting is very good except for the Ξ/π ratio and in Fig. 2 fitting is extremely good for all the ratios except for φ/K ratio, which differs from STAR data. Our fitting of this ratio to STAR data is rather good.
Below the chemical freeze-out, the number of thermal hadrons of any type i is now fixed and known numerically as the number of inelastic collisions is not sufficient enough. Whereas elastic collisions are still abundant to make the local thermal equilibrium and thus during the continuing expansion of the system, the temperature drops until the number of elastic collisions is not enough to maintain even the thermal equilibrium. When the system breaks up the hadrons have the momentum distribution at this point, the so called thermal freezeout. Now the transverse mass spectra and the rapidity distribution of measured hadrons are given from Eq. (3) by integrating over either the rapidity or the transverse momentum. The resonance contributions [16] should be correctly added. Explicitly, the transverse momentum spectrum is given as
m T dm T dy )dy + (res. contr.) (7) and the rapidity distribution is given as
It should be stressed again that Eq. (4) does not hold in above equations since the chemical equilibrium is already broken. Rather, µ i can be found from the following equation such that it gives the right number of the thermal particles, N th i , which is known from the chemical freeze-out. 
where the ′ denotes that exp (µ i /T ) is absent in this equation compared to Eq. (3). Now V ef f · e µπ/T acts as an overall constant for all the particle spectra.
The resulting thermal freeze-out parameters are listed in the TABLE 1 together with the chemical freeze-out values. Thus obtained transverse momentum spectra of the charged pions, kaons and protons are shown together with the experimental data by the STAR collaborations in Fig. 3 . The quality of fitting is rather good showing that the blast-wave model works very well for the transverse mass spectra in heavy-ion collisions.
The parameter η max which is the rapidity of the fireball at the longitudinal surface affects very little on the transverse momentum spectra. However, it plays crucial role in determining the width of rapidity distribution and thus we have fitted η max to the pseudo-rapidity distribution of the charged hadrons measured by the PHOBOS collaboration by fixing all other parameters. The fitted value is 5.0 as listed in the TABLE 1. In Fig. 4 , we have drawn the rapidity distribution of charged hadrons together with the PHOBOS data. The shape especially the width of the rapidity distribution fit well to the data but the magnitude in the midrapidity region overpredicts the data. This discrepancy may come from the low p T cut-off in experiments while we have integrated over p T from zero. The wiggle near y ∼ 0 region is due to the errors in calculating the resonance contribution and will vanish if we make y-bin in our calculation smaller. It should be pointed that the statistical model cannot fit the large width of the in distribution and the present model is very successful in fitting the various aspects of the hadron production except for the correlations. As mentioned earlier V ef f · e µπ/T is an overall constant now. For V ef f we get 15597, and µ π = 115 MeV. 
III. SUMMARY AND CONCLUSION
Assuming that the chemical freeze-out occurs earlier at higher temperature and thermal freeze-out occurs later at lower temperature, a blast-wave model with resonance contribution have been successfully applied to fit the ratios among hadrons, the transverse momentum spectra of pions, kaons and protons by STAR and PHENIX collaborations and the rapidity distribution of all the charged hadrons by PHOBOS collaborations measured at RHIC in Au+Au collisions at 200 A·GeV. This is a consistent way of describing all the features of hadron production in heavy-ion collisions except for correlations. The result of fitting is very good except for Ξ/π ratio from STAR collaboration and φ/pi ratio from PHENIX collaboration. The parameters thus obtained are in agreement with the published values obtained separately either by the chemical analysis or the thermal analysis. It should be stressed that in order to analyze the particle production detailed information on the experimental cuts for p T and y for each particles is needed. Further studies with LHC data is underway. 
